Abstract. The double-layer combined die is used for its longer life in forging. Autofrettage is a well-known elastic-plastic technology that increases the durability of thick-walled cylinders. This study explores an alternative design method of the double-layer combined die using autofrettage theory. An analytical solution for the autofrettage process of the double-layer combined die is obtained based on Lamé's equation. The relationship between the autofrettage pressure and the yield radius of the die insert is obtained, and expressions of residual stresses and displacements, which are directly related to geometric parameters, material properties and internal pressure, are derived. The finite-element simulation of a specific case is performed, and good agreement between theoretical calculations and simulation results is found. Furthermore, the effects of important parameters, including the ratio of the plastic area and yield strength of the die insert and the outer diameters of the die insert and stress ring, on the autofrettage effect are investigated. Compared with the conventional combined die, the autofrettaged die can bear larger working pressure, as expected. The use of the autofrettaged die can reduce the amount of expensive material required for the die insert and the working space of the die set, which would benefit the practical forging process.
Introduction
In the process of cold forging, a die usually needs to be of high strength to resist a large forging load. The accumulation of plastic deformation near points of stress concentration resulting from the cyclic loading conditions leads to fatigue damage and eventually to the generation of a crack on the surface of the die (Pedersen, 2000) . A die insert with one or more massive stress rings, which is called a combined die or prestressed die, is thus designed to reduce the stress level during forging.
High radial and circumferential stresses strongly affect the elastic deformation and failure of forging dies, and the time and economic losses due to unpredicted die failure during service in forging are costly. Against this background, many studies (Joun et al., 2002; Yeo et al., 2001; Kwan and Wang, 2011; Yang et al., 2012) have attempted to optimize the dimensions of the die structure employing different optimization methods.
Usually, high-strength tool steel is used for the die insert, while normal steel is used for the stress rings. It was found that a backward extrusion die prestressed with sintered carbide could be strengthened (Hur et al., 2002) and reduce elastic deformation (Hur et al., 2003) . The strip-wound container with a winding core of tungsten carbide made it possible to create new innovative die designs (Groenbaek and Birker, 2000) . The cited works introduced the stress ring with highstiffness material or structure that could strengthen the combined die effectively, but the cost of a single set of the combined die increased.
Autofrettage is a well-known elastic-plastic technology that increases the durability of thick-walled cylinders, and is commonly used in high-pressure vessels. A cylinder tube is subjected to uniform internal pressure so that its wall becomes partially plastic, resulting in internal compressive residual stresses that increase the pressure capacity for the next loading (Majzoobi et al., 2003) . The optimum autofrettage pressure is not constant but depends on the working pressure (Hojjati and Hassani, 2007) . To improve the performance of a type-III hydrogen pressure vessel, the most appropriate autofrettage pressure has been determined by Published by Copernicus Publications. 268 C. Hu et al.: An alternative design method for the double-layer combined die using autofrettage theory finite-element (FE) simulation (Son et al., 2012) . The pressure reached in available commercial autofrettage processes is between 370 and 1200 MPa (http://www.felss.com).
A method of calculating the stress intensity factor was used to estimate the fatigue life of an autofrettage tube, and results showed that the fatigue life increased with the autofrettage level (Jahed et al., 2006) . The ultimate load bearing capacity of the autofrettage cylinder was estimated theoretically (Zhu, 2008a, b) . The autofrettage process led to tangible increases in the strength-to-weight ratio and fatigue life of the cannon tube (Anantharam and Kumar, 2014) . A novel concept of an autofrettage compounded tube was proposed to give a high safe pressure and good fatigue life (Bhatnagar, 2013) . Therefore, using autofrettage technology, the load bearing capacity, strength-to-weight ratio and fatigue life of cylinder parts can be improved.
Considering the advantages of autofrettage technology, it is desirable to explore the possibility of the application of the technology to the cold forging die. The effect law of strain hardening and the Bauschinger effect on the autofrettage process have been discussed by comparing the results of a bilinear kinematic hardening model and ideal elastoplastic model, and the optimum autofrettage pressure was determined to meet the high dimensional accuracy and strength requirements of a single-layer extrusion die (Qian et al., 2011) . However, the single-layer die is seldom used in actual forging.
The present study obtained an analytical solution for the autofrettage process of the double-layer combined die and established formulae of the residual stresses and displacements. The simulation results for a specific case of the double-layer combined die after autofrettage were used to verify the reliability and accuracy of the theoretical derivation. On this basis, other cases were considered in studying the effects of the ratio of the plastic area and yield strength of the die insert and the outer diameters of the die insert and stress ring on the autofrettaged die. The results clarify the autofrettage effect and contribute to the design of the doublelayer combined die for forging.
Different from previous design strategies -such as using stronger material for the die insert directly, optimization of the die dimensions including the interference fit, and using a stress ring with a high-stiffness material or structure -a novel design method of the combined die is proposed, where compressive stresses on the die insert are introduced by the autofrettage process to improve the strength of the combined die.
Theory and formulation
The combined die, which consists of insert die and stress ring, is first strengthened by the classical shrink fit, and the autofrettage process is then applied as a pre-process before the combined die is used in forging. During the autofrettage process, an enormous uniform internal pressure is loaded on the double-layer combined die, so that there is uniform plastic deformation of the die. After unloading, there are residual stresses and a plastic area with certain thickness emerges. A theoretical discussion of the autofrettage process is now presented.
Several assumptions are made.
(1) The double-layer combined die can be regarded as an axially constrained cylinder.
(2) Because of the small axial deformation, the autofrettage process can be simplified as a plane-strain problem. (3) The material of the die insert is a perfectly elastic-plastic material and obeys the von Mises criterion. (4) The material is supposed to be incompressible. (5) Plastic deformation only occurs in the die insert, while the stress ring remains in the elastic state.
Stress in the loading process
In the loading process, the die insert can be subdivided as inner-plastic and outer-elastic layers considering the elasticplastic deformation behavior of the combined die. The uniform autofrettage pressure is denoted p 0 . The radius at the boundary between plastic and elastic areas is referred to as the yield radius r p , the normal stress between the two areas is denoted q, and the normal stress between die insert and stress ring is denoted p p k , as shown in Fig. 1 . According to the equilibrium equation and the yield criterion
Under the assumptions mentioned above, the radial stress in the inner-plastic layer can be obtained according to the equilibrium, Eq. (1):
The constant C can be calculated using the boundary condition σ r = −p 0 when r = r 1 :
Then, σ r in the plastic area of the die insert can then be solved as
and σ θ in the plastic area of the die insert can be solved as
According to the Eqs. (4) and (5), the stress components of plastic area are stationary (Xu and Liu, 1995) , and they are only related to internal pressure p 0 , and has nothing to do with the stress of elastic area.
As shown in Fig. 1 , the outer-elastic layer can be regarded as a thick cylinder under internal pressure q and external pressure. Using Lamé's formula, the external pressure is obtained according to the geometry boundary condition r 2 +u 2 = r 3 +u 3 , where u 2 and u 3 are the displacements due to the interference fit between the die insert and stress ring. The external pressure is given by
where ], E 1 and E 2 are respectively the elastic moduli of the materials of the die insert and stress ring, and µ 1 and µ 2 are respectively the Poisson ratios of the materials of the die insert and stress ring.
According to Lamé's equation, the stresses in the elastic area of the die insert are
and the stresses of the stress ring are
In the outer-elastic layer, the die material just yields at the inner boundary. Therefore, the normal stress can be derived according to Lamé's equation:
In the inner-plastic layer, the normal stress at the outer boundary can be solved by substituting σ r = −q into Eq. (3) when r = r p :
The normal stress between the inner-plastic and outer-elastic layers should be the same. The relationship between the autofrettage pressure p 0 and the yield radius r p can then be obtained as
Displacement in the loading process
According to Lamé's equation, the displacement of the stress ring is
(r 3 ≤ r ≤ r 4 ). (12) and the displacement in the outer-elastic layer of the die insert is
By considering the incompressible condition and geometric equation in the plane-strain problem, the displacement in the inner-plastic layer is obtained as
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The displacement along the radius of the die insert should be continuous, and the displacements at the boundary between the inner-plastic and outer-elastic layers should thus be equal. When r = r p , the displacement calculated using Eqs. (12) and (13) should be the same. The constant C 1 can then be determined as
The displacement in the inner-plastic layer of the die insert is thus
Residual stress after unloading
Residual stress is the difference between stresses of the loading and unloading processes:
where σ r ij denotes the residual stresses, σ ij denotes the stresses of the loading process and σ e ij denotes the stresses of the unloading process.
During the unloading process, the stresses in the die insert are ] and r e i = r i + u i (i = 1, 2, 3, 4). u i is the displacement due to the interference fit between the die insert and stress ring.
The residual stresses in the die insert are then (19) 
The stresses in the stress ring during unloading can be expressed as
The corresponding residual stresses are ).
Residual displacement after unloading
The residual displacement is the difference between displacements of loading and unloading processes:
where u r is the residual displacement, u is the displacement of the loading process and u e is the displacement of the unloading process. During the unloading process, the displacement in the die insert is 
The displacement in the stress ring during the unloading process is 
FE simulation
To verify the reliability and accuracy of the theoretical derivation, a specific case of a double-layer combined die strengthened by the autofrettage process is analyzed in an FE simulation. The relative parameters of the combined die are listed in Table 1 . In the simulated case, the autofrettage pressure is 940.0 MPa, 5.0 % of the die insert undergoes plastic deformation and the yield radius is 20.80 mm. According to the parameters given above, a 1/4-scale geometric model was constructed using the commercial simulation software MSC MARC. The material model obeys elastic-plastic law perfectly. A total of 800 full integration quad elements were used and no remeshing was triggered during the simulation. During the autofrettage process, the combined die was first subjected to inner pressure of 940.0 MPa until there was partial plasticity, and the pressure was then released to 0 MPa. As shown in Fig. 2a, 5 .0 % of the die insert becomes plastic. The figure also presents residual stresses and residual displacement distribution on the combined die obtained from simulation results.
Meanwhile, the residual stresses and residual displacement in the autofrettaged double-layer combined die were calculated on a theoretical basis using the above formulas. As shown in Fig. 3 , the radial residual stress is compressive stress, and it reduces with the radius of the die insert but increases with the radius of the stress ring. The circumferential residual stress on the die insert increases first rapidly then slowly with the radius, and the circumferential residual stress on the stress ring becomes tensile stress and decreases with the radius. The distributions of the residual stresses agree perfectly with the results obtained from FE simulation.
The residual stresses and displacements at the die boundaries are further extracted and listed in Table 2 . The difference between theoretical and simulation values of the radial residual stress is 10.3 MPa at the inner diameter of the die insert, and the difference is only 0.8 MPa at the outer diameter of the stress ring. The absolute error of the values at the interface is less than 16.11 %. In the case of the circumferential residual stress, the absolute error between simulation and theoretical values is 5.62-9.49 %. The values of residual 272 C. Hu et al.: An alternative design method for the double-layer combined die using autofrettage theory displacement at the inner and outer diameters of the insert die and stress ring are the same. There is good agreement between the theoretical calculations and FE simulation results.
Numerical results and discussion
For further analysis, nine cases of the combined die strengthened by the autofrettage process were numerically solved using the theory and formulas given in Sect. 2. The cases are listed in Table 3 . The table gives important parameters, including the ratio of the plastic area and the yield strength of the die insert. The outer diameters of the die insert and stress ring were chosen as variables. Different ratios of the plastic area meant that there were different yield radii, requiring different autofrettage pressures. Here, the required autofrettage pressure was between 823.1 and 1144.4 MPa, which is a range of pressures that can be applied in practice (http://www.felss.com). The inner diameter of the stress ring should increase as the outer diameter of the die insert decreases.
For comparison, the case of the conventional combined die was chosen as case X, and the relative stresses were solved using the typical Lamé equation.
Effect of the ratio of the plastic area
The ratio of the plastic area on the die insert is the main index that reflects the effect of the autofrettage process. In cases I, II and III, the ratio of the plastic area varies from 3 to 8 %, and the results of residual stresses in these cases are given in Table 4 . The residual stresses on the die insert are compressive, which improves the strength of the die insert. However, the circumferential residual stresses on the stress ring are tensile, which is not beneficial for the stress ring.
The absolute values of radial residual stresses slightly increase with the ratio of the plastic area. However, the value of the circumferential residual stress at the inner diameter of the die insert increases with the ratio of the plastic area. The compressive residual stress at the internal boundary of the die insert after autofrettage is much larger than that in the conventional combined die, which can better offset the tensile stress caused by the subsequent working process. Therefore, the autofrettage process can reduce the risk of longitudinal cracking on the internal surface of the die insert.
When the ratio of the plastic area reaches 8 %, the circumferential residual stress near the internal surface of the die insert is −572.0 MPa, which is around 1.5 times that generated in the conventional combined die.
At the same time, the circumferential residual stress near the internal surface of the stress ring increases to 204.3 MPa, and the increase in amplitude is 1.6 % relative to the conventional combined die. The greater circumferential tensile stress can increase the failure of the stress ring.
Effect of yield strength
In the forging process, the strength of the die steel is an important factor affecting the die life. In the case studies, the yield strength of the stress ring is 900 MPa and three different tool steels with yield strengths of 1100, 1300 and 1650 MPa are selected as the material of the die insert. Therefore, theoretical calculations were made for the different yield strengths of the die insert, and the results are presented in Table 5 . Table 5 shows that the radial residual stress changes little with a variation in yield strength. Meanwhile, the circumferential residual stress on the die insert increases with the yield strength. As the yield strength increases from 1100 to 1650 MPa, the circumferential compressive stress near the internal surface of the die insert increases by about 10.34 % and reaches 535.6 MPa, while the circumferential tensile stress near the internal surface of the stress ring remains almost the same.
In the case of the conventional combined die, prestress does not affect the yield strength of the die insert and stress ring because the prestressing behavior is a kind of elastic deformation effect originating from the interference fit. The residual stress is much smaller than that of the combined die after the autofrettage process. The circumferential residual stress at the inner surface is only 79.30 % of that generated from the autofrettage process even when the yield strength of the die insert is the minimum 1100 MPa. Taking the increase in circumferential residual stress as an index, it is seen that an increase in the ratio of the plastic area of the die insert is more effective than a change to a die material with higher yield strength. As shown in case V, the required autofrettage pressure reaches 1144.4 MPa when the yield strength of the die insert is 1650 MPa, and such pressure is difficult to realize in an actual autofrettage process. Therefore, a die insert made of lower-strength material could be used in the autofrettaged die to obtain the good effect of the prestress state.
Effect of die dimensions
In further study, the effect of die dimensions on the combined die after autofrettage was investigated. Both the residual stresses after autofrettage and the stresses during the working process were calculated, and the values at the inner diameters of the die insert and stress ring, which correspond to the zone most likely to fail during the working process, are listed in Table 6 . The working pressure is assumed as 900 MPa, and the equivalent stress during the working process is computed to evaluate the die failure. Generally, the die will fail when the equivalent stress reaches the yield strength of the die material. In the cases considered, the working stresses are equal to the sum of residual stresses from autofrettage and the new stresses generated by the assumed working pressure. The equivalent stress is simply calculated according to the von Mises yield criterion as
In the case of the conventional combined die, the maximum working pressure is determined as 884.3 MPa when the equivalent stress of the die insert reaches a yield strength of 1300 MPa according to Lamé's formula and the von Mises criterion. Compared with the conventional combined die, the autofrettaged combined die can bear larger working pressure, as expected.
In cases VI and VII, the outer diameter of the die insert is 35.0 and 34.0 mm, respectively, and the variation in residual stress after autofrettage is within 10.2 MPa. During the working process, the circumferential stresses of the die insert become tensile stresses, and the stress of the stress ring increases with decreasing inner diameter of the ring. The equivalent stress on the internal surface of the die insert hardly changes and is far below the yield strength. However, when the outer diameter of the die insert is reduced to Radial residual stress ( 34.0 mm, the equivalent stress of the stress ring increases to 864.7 MPa, which is close to the yield strength of 900 MPa. From a different view, a smaller die insert can be adopted after autofrettage to reduce the amount of expensive material that is usually used for the die insert of the conventional combined die. Taking case VII as an example, more than 15.0 % of the material used for the die insert can be saved. In cases VIII and VX, the outer diameter of the stress ring is reduced to 75.0 and 70.0 mm, while the residual stresses after autofrettage increase. During the working process, the increase in amplitude of the equivalent stress near the inner surface of the die insert is larger than that of the stress ring. When the outer diameter of the stress ring is reduced to 70.0 mm, the equivalent stress of the die insert increases to 1280.3 MPa, and is very close to the yield strength of the die insert. Therefore, the autofrettaged die with a smaller outerdiameter stress ring can be used to substitute the conventional combined die, resulting in a material savings. More importantly, working space can be saved if the outer diameter of the stress ring can be reduced, especially for multi-stage forging dies.
Conclusions
1. To improve the strength of the combined die, an alternative method of designing the combined die was proposed to introduce compressive stresses on the die insert through the autofrettage process. The analytical solution for the autofrettage process of a double-layer combined die was obtained. The relationship between the autofrettage pressure and the yield radius of the die insert was determined, and expressions of residual stresses and displacements directly related to geometric parameters, material properties and internal pressure were derived. This theoretical derivation can guide the design of the autofrettaged die.
2. A specific case of a double-layer combined die strengthened in the autofrettage process was simulated employing the FE method. In the case of radial residual stress, the absolute error between simulation and theoretical values at the interface between the die insert and stress ring is less than 16.11 %. In the case of the circumferential residual stress, the absolute error is 5.62-9.49 %. In the case of the residual displacement, simulation and theoretical values are the same. The good agreement between theoretical calculations and FE simulation results verifies the reliability and accuracy of the theoretical derivation.
